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Abstract. In this paper, a novel technique to analyse the
noise behaviour of a second-order-PLL based synthesizer is
demonstrated. Its non-linear behaviour is analyzed with in-
dependent noise-sources introduced at different points of the
circuit. Phase plane trajectories will be used to demonstrate
that noise sources at different locations in the loop produce
qualitatively different contributions to the output signal of the
synthesizer.

1 Introduction

The PLL based synthesizer has become an important com-
ponent for a wide range of communications systems. The
increasing requirements concerning stability of synthesiz-
ers are requiring deeper insight into the non-linear effects
of different noise sources in these systems. These affect
the phase noise of the output signal. Previous papers have
been published on different aspects of phase noise in syn-
thesizer signals, (e.g.Kundert, 2001; Curtin and O’Brien,
1999; Heydari, 2004; Sancho and Sùarez, 2001; Lee and Ha-
jimiri , 2000; Blanchard, 1976; Drucker, 2000), yet a system-
atic overview on the effects of different noise sources on the
phase noise and its spectral forming by non-linearities is still
missing. This paper attempts to contribute to close that gap.

2 Analysis methodology

A PLL based frequency synthesizer is used for the analysis.
It is shown in Fig. 1 as a model in terms of phases. In order
to take into consideration a more complete set of parameters
influencing the noise behaviour of the synthesizer, also the
fluctuations of the reference-signal amplitudeR and local-
oscillator amplituden4 are considered in the phase detector
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function f (R, n4, ϕ). With these terms, the PLL might be
described by the following non-linear differential equation:

τ1ϕ̈ +

{
b + Koτ2

∂f (R, n4, ϕ)

∂ϕ

}
ϕ̇ + Kof (R, n4, ϕ)

+ Koτ2
∂f (R, n4, ϕ)

∂R
Ṙ + Koτ2

∂f (R, n4, ϕ)

∂n4
ṅ4

= τ1θ̈i + bθ̇i − bωo (1)

In this equation,ϕ is the phase difference between the
reference-phaseθi and the local-oscillator phaseθo.

In this paper a non-standard noise modelling technique fol-
lowing Rice (1944,1945) will be used.

If a linear analysis is sufficient, the phase detector func-
tion might be linearised using a first order Taylor series ap-
proach. This leads to a linear differential equation, which
is different from what is found in literature. This is due to
the above mentioned introduction of new sources of noise,
which are usually not taken into account. A closer analysis
of the linearised behaviour has been presented by the authors
in Sangha and Hoffmann(2005).

The noise sources considered in the following analysis are
the following:

– The noise at input of the PLL including phase noise as
well as amplitude fluctuations

– The amplitude variations of the local oscillator, since
they influence the phase-detector output

– Noise source included in the phase-detector, and in the
control filter.

2.1 Rice’s noise models

Rice (1944,1945) has developed two different models to de-
scribe the measured noise mathematically. The first model is
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Figure 1. Synthesizer model used for the analysis 
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Figure 2. Uniform distribution for different number of events 

 

 

Figure 3. Phase plane trajectory of the synthesizer without noise 
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Fig. 2. Uniform distribution for different number of events.

well known and widely used:

u(t) = V0
/

2 +

N∑
n=1

{Vn cos(n1ωt + ϕn)}

= A0
/

2 +

N∑
n=1

{An cos(n1ωt) + Bn sin(n1ωt)} (2)

In this model bothVn andϕn are pair-wise independent
random variables withVn being Rayleigh-distributed andϕn

being uniformly distributed in the interval[0, 2π), (Rice,
1944, 1945). This is equivalent to saying that parametersAn

andBn are normally distributed. Due to these distributions
the mathematical analysis is rather complex.

The not so well know Rice’s second model is the heart of
the noise analysis that was presented inSangha and Hoff-
mann(2005). The other way of approaching the measured
noise can be given as:

u(t) = A0
/

2 +

N∑
n=1

An cos(n1ωt + ϕn) (3)

ParametersAn are deterministic. Parametersϕn are random
variables uniformly distributed in the interval[0, 2π), (Rice,
1944, 1945). Due to the uniform distributions ofϕn’s, this
model is mathematically much simpler than the first model.
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Fig. 3. Phase plane trajectory of the synthesizer without noise.

By virtue of the central limit theorem, it leads to the same
results as the first model.

The accuracy of the model increases as the numberNof
sum terms is increased. Fig. 2 demonstrates this fact by com-
paring the uniform distribution obtained using the Rice’s sec-
ond model for a value ofN equal to 10 000 and 50 000, re-
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Figure 4. Phase plane trajectories for a synthesizer with noise introduced at different points of 
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Figure 5. Phase plane trajectory of the synthesizer with input phase noise having SNR=5dB  
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Fig. 4. Phase plane trajectories for a synthesizer with noise introduced at different points of the circuit.

spectively. The horizontal axis in this figure is divided into
50 bins in the interval (-180◦, 180◦).

Note that the Rice’s second model can easily be used to
generate differently coloured noises. E.g. all theAn’s would
be equal and constant for white noise. In a similar manner,
1/f noise can be defined using the relationAn/

√
n for am-

plitude terms from Rice’s model.

3 Dynamic behaviour of a synthesizer with noise

The behaviour of a PLL might not be described by a linear
model when it is far from lock, for example during switching
transients, and when responding to large signal inputs. Im-
portant parameters such as settling time, switching speed and
capture range are often dominated by non-linear behaviour.

In Sangha and Hoffmann(2005) the behaviour of the loop
with respect to noise was presented. Here we will con-
centrate on the nonlinear aspects of the PLL with noise.
With the noise present at different points in the loop, the
locking behaviour can be best demonstrated by observing
the phase plane trajectories. Simulations are performed in

SIMULINK using a nonlinear model (Fig. 1) of the PLL. It
does not use any of the standard VCO or PLL models found
in SIMULINK.

The input noise was designed to be white noise that is di-
vided into two components affecting the amplitude and phase
respectively. The amplitude fluctuations of VCO were de-
signed in a way that comes close to reality. Noise in front of
the CF and VCO was 1/f noise superimposed by white noise.

All the random noise sources in this simulation are de-
signed for SNR of 10 dB. The angular frequency of the input
signal is chosen to be 1.5 · 105 rad/sec and the damping fac-
tor ζ is chosen to be 0.7.

Figure 3 shows the settling behaviour of the synthesizer
without noise, while Fig. 4 shows how the PLL settling be-
haviour is modified when a noise source at one of the points
shown in Fig. 1 is introduced. Comparing these curves, it
is concluded that the input phase noise is most critical for
the settling behaviour of the synthesizer. Furthermore, Fig. 5
shows that with increasing noise level, there is a probabil-
ity of cycle slipping. Fig. 4 also shows how the amplitude
fluctuations of input and VCO signals affect the settling be-
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Fig. 5. Phase plane trajectory of the synthesizer with input phase
noise having SNR = 5 dB.

haviour of the synthesizer. The amplitude fluctuations, which
are usually ignored, are taken into account for completeness.

4 Conclusions

In this paper we have demonstrated a useful technique for
non-linear noise analysis of a PLL based synthesizer taking
into account a more complete combination of noise sources.
We showed how the noise at different points in the loop can
affect the settling behaviour of the synthesizer.
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